Abstract: A computationally efficient technique for the design of multidimensional spherically symmetric recursive digital filters satisfying prescribed magnitude and constant group delay specifications is presented. The denominator and the numerator of the transfer function are designed separately. The former is used to approximate the group delay response and the latter is used to approximate the magnitude response. Moreover, this method also makes use of the symmetric conditions of the transfer function. Therefore the numbers of parameters and sample points required for the optimisation are greatly reduced. As a result, the amount of computation can be minimised and the convergence can also be improved. Such advantages are extremely significant for high-order multidimensional filter design. Two examples of the 2-dimensional and one example of the 3-dimensional digital filter design are given to illustrate the proposed method. Comparisons with the results of other methods are also given.
Introduction
Two-dimensional and 3-dimensional digital filters are finding applications in many fields such as image processing, seismic signal processing, magnetic data processing and biomedical tomography. In many of these applications, a signal does not have any preferred spatial direction and so the required digital functions can be circularly or spherically symmetric. In the last decade, many methods [1, 2] have been proposed for 2-dimensional recursive digital filter design and some [3] [4] [5] for 3-dimensional recursive digital filter design. However, few of them satisfy both magnitude and group delay characteristics in which the latter is extremely important in 2-and 3-dimensional image processing [6] . Maria and Fahmy [7, 8] adopted the idea of using a 2-dimensional digital filter to approximate a given magnitude specification and then cascaded it with a 2-dimensional allpass digital filter to equalise the resulting group delay. However, the overall filter is, in general, not Paper 5458G (E10), first received 3rd June 1986 and in revised form 22nd April 1987 The authors are with the Department of Electrical and Electronic Engineering, University of Hong Kong, Pokfulam Road, Hong Kong optimal and the filter order becomes higher. Chottera and Jullien [9] formulated this kind of recursive digital filter design as a linear programming problem. However, to use a linear stability constraint, which is only a sufficient condition for stability, the method only yields a subclass of possible solutions. Besides, there are also some methods [10, 11] which tackle this problem by choosing a performance index expressed as a linear combination of three error functions, i.e. one for the magnitude response and two for the group delay responses. However, these methods may have the difficulties of computational complexity and bad convergence.
Hinamoto and Maeskawa [12] recently proposed a method for 2-dimensional recursive digital filter design. The design procedure is divided into two parts. The first part is to design an all-pole digital filter to approximate a given group delay specification. The second part is to design a mirror-image polynomial as the numerator to approximate a given magnitude specification. This method has the advantages of reduction of the amount of calculations, improvement of convergence, stable structure, and reduction in round-off error in cascade realisation. However, the general transfer function of the method does not fully use the properties of circular symmetry. Therefore, in the design of a high-order circularly symmetric filter, the computation time of this method will be very long.
Application of the properties of symmetry [5, 13, 14] in filter design has been tried in References 15 and 16. In this paper, we are going to present a new and computationally efficient method for the design of a multidimensional spherically symmetric digital filter that meets a given set of magnitude and constant group delay specifications. This method adopts a similar procedure to that of Reference 12. However, the transfer function is based on the format of a separable denominator and an inseparable linear phase numerator. Moreover, the properties of octagonal symmetry are fully used in the optimisation procedure. Unlike the method used in Reference 11, the transfer function used consists of a separable denominator and a general inseparable numerator. Other special cases of a 2nd-order 2-dimensional transfer function can also be found in References 15 and 16. Because of the properties of symmetry adopted in our method, the amount of calculation, the number of coefficients to be determined, the number of frequency samples required, and the number of iterations in the optimisation can be greatly reduced. Moreover, the method is further extended and generalised for a multidimensional spherically symmetric digital filter design. This method is extremely suitable for the design of high-order spherically symmetric digital filters. Two examples of 2-dimensional filter design and one example of 3-dimensional filter design will be used to illustrate this method. Comparisons with the results of two other 2-dimensional filter design methods are also provided. [4, 5] . In this paper, a transfer function possessing these kinds of symmetry is chosen to approximate the characteristics of spherical symmetry.
3

Design procedure
In this N-dimensional filter design method, the first step is to design a N-dimensional all-pole filter to approximate a given group delay specification. Then a linear phase numerator is designed to approxinate a given magnitude specification. This method purposely separates the group delay optimisation and the magnitude optimisation to prevent the problems of complex computation and convergency. However, it may lose a certain degree of freedom compared with that of the simultaneous optimisation of group delay and magnitude. Though the denominator is only used to approximate the group delay response, it provides a recursive part for the transfer function so that the magnitude approximation carried out by the numerator can be done more efficiently.
Group delay approximation
The denominator of the transfer function is chosen to be separable such that the stability problem can be simplified and also the computation can be greatly reduced.
1 where
, which can be expressed in the (2/C)th-order as
To ensure stability, d^ must be expressed in terms of another set of real nonzero parameters {q [ * ] }, p = 0, 1,2; » = 1,2:
It can be verified that the magnitude of eqn. 6 is (2 N N !)-hedrally symmetric. Eqn. 6 can be written as (10) where ^(w,) is the argument of l/QCzf 1 ), 1 = 1, 2, ..., N. The group delay functions are defined as 
The group delay in the direction of w, is a function of a single variable w,-. Moreover, it can easily be verified from eqns. 6, 7 and 12 that
and from eqns. 7 and 12
where i,j = 1, 2,..., N.
Based on eqns. 12, 13 and 14, the approximation of group delay is reduced to be a 1-dimensional problem. Hence, the number of sample data for the optimisation of group delay specifications can be greatly reduced. Samples can be chosen only on the w t axis in the range 0 < w t < n. Supposing that M' samples are chosen a t w i 9 5 9 = 1> 2, ..., M' and the corresponding group delays are i(w lfl ). The statement of the problem is to find the parameter vector b = 1, 2; k = 1, 2, ..., (15) so as to minimise the group delay performance index J(b) which is defined as M' 9 = 1 (16) where <r is the desired constant group delay, which is chosen to be a positive value [11] , and u g is a non- negative weighting function and is equal to zero outside the passband. The Fletcher-Powell algorithm [17] is used in the optimisation of eqn. 16.
Magnitude approximation
The next step is to design a constant group delay or linear phase numerator polynomial so as to approximate the desired magnitude characteristics. Let the recursive filter be where . 1 /= My is chosen to be
-mt N / mr mf mj
where 
where u m is a nonnegative weighting function. The Fletcher-Powell algorithm [17] is used for the optimisation of eqn. 24.
Examples
Two examples of a 2-dimensional lowpass and bandpass digital filter design and one example of a 3-dimensional lowpass digital filter design are illustrated below. In all examples, for the optimisation of the denominator polynomial, discrete frequency samples are taken at intervals of O.l7i on the w x axis within the passband radius. For the optimisation of the numerator polynomial, discrete frequency samples are taken at intervals of 0.1 n in the region R as defined in eqn. 22. For the two examples of the 2-dimensional filter, the weighting functions (Tables  1, 2 and 4) of the frequency samples in both optimisation procedures are chosen to be equivalent to taking at frequency samples at intervals of 0.17t on the (w lt w 2 ) plane such that
for the purpose of obtaining similar conditions for useful comparison with other methods [10, 12] . The initial value of each unknown coefficient is chosen to be 1. Also for the purpose of comparison, the performance of the filter is shown by the relative root mean square (RMS) errors [12] of the designed filter which are defined as 
Examples of 2 -dimensional filter design
In the (w l5 w 2 ) plane, actually, the region R is the [0°, 45°] sector. Therefore, samples are taken in this sector for the optimisation of the magnitude specifications. The two examples shown below have been tried in References 10 and 12. Comparisons of the performance of this method with the design methods mentioned in References 10 and 12 are also provided.
Example 1: Lowpass filter:
This example is to design a 2-dimensional circularly symmetric lowpass filter with the following desired magnitude specifications:
y(exp (-;w 1/2 . The group delay is required to be constant in the passband where r < 0.3rc.
Let the desired group delay a = 2. The filter is chosen to consist of a 4th-order (K = 2) denominator (see eqn.
1EE PROCEEDINGS, Vol. 134, PL G, No. 4, AUGUST 1987
la) and a single section (L = 1) 4th-order numerator (my = 2). The weighting function u m is chosen according to Table 1 and the weighting function u g is chosen according to Table 2 . In this example, it was found that the resultant denominator was identical to that given in Reference 12. In this case, the performance indices eqns. 16 and 24 have the values J{b) = 1.75 x 10 ~9 and E{a) = 0.158, respectively. Table 3 shows the comparison of the performance of the present method with the two other methods reported in References 10 and 12. It can be seen from Table 3 that the present method is better in both error performance as well as efficiency of optimisation. The group delay and magnitude responses of the filter are shown in Fig. 1 . The group delay is required to be constant in the passband where r > 0.6TT, (see Appendix).
Let the desired group delay a -1. The filter is chosen to consist of a 4th-order (K = 2) denominator (see eqn. la) and a single section (L = 1) 4th-order numerator {m f = 2). The weighting function u m is chosen according to Table 1 and the weighting function u g is chosen according to Table 4 . Table  5 shows the comparison of the performance of this method with the other two methods. It can be seen from Table 5 that the error performance indices of this method and the method in Reference 12 are approximately equal but the efficiency of the optimisations of this method is much better. The group delay and magnitude responses of the filter are shown in Fig. 2 .
Example of 3 -dimensional filter design
Example 3: Lowpass filter:
This example is to design a 3-dimensional spherically symmetric lowpass filter with the desired magnitude specifications as example 1 with r = (w\ + w\ 4-w 2 ) 1 ' 2 . Also the group delay is required to be constant in the passband, r g x (1.670937-1.5038652," * + 0.825198zr 2 ), i = 1,2, 3 After 40 iterations, the coefficients of the numerator are In this case, the performance indices eqns. 16 and 24 have the values J{b) = 2.5 x 10" 2 2 and E(a) = 0.0877, respectively. Table 6 shows the relative RMS errors. The group of previous papers. Moreover, a 3-dimensional example has also been tried and gives good results. Based on the results obtained, one can conclude that this method is a reliable and computationally efficient method for the design of multidimensional spherically symmetric recursive digital filter. Furthermore, the efficiency increases as the order of the digital filter to be designed increases. delay and magnitude responses are shown in Fig. 3 which are very satisfactory.
Remarks
The proposed design method was implemented on an IBM PC/XT microcomputer (clock rate = 4.77 MHz) using Basic compiled with the Microsoft Basic Compiler. The computation times of examples 1, 2 and 3 were 74 minutes, 44 minutes and 10 hours, respectively. However, these computation times can be reduced considerably if an IBM PC/AT microcomputer and a more efficient language are used. The results of this method shown in Tables 3 and 5 have some slight differences compared with those of the values obtained by Reference 12. It may be due to the difference in the wordlengths of the computers used. However, such minor differences are reasonable. The results obtained using the method in Reference 10 shown in Tables 3 and 5 are obtained directly from Tables 1 and  2 of Reference 12. For a special case of m f = 1, the transfer function eqns. 6, 7 and 17-19 can then be written as a cascade of 1st-and 2nd-order modules. This format is then very suitable for modular implementation.
Conclusions
In this paper, a computationally efficient method has been presented for the design of a multidimensional spherically symmetric recursive digital filter to approximate a given set of magnitude and constant group delay specifications. The transfer function is inherently stable and (2 N N !)-hedrally symmetric. Therefore the number of independent coefficients required to be determined and the number of samples to be used in the optimisations can be greatly reduced. To test the performance of this method, two 2-dimensional examples used in References 10 and 12 are used in this paper. This method generally shows better performance in error indices and, especially, the efficiency of optimization when compared with results for -n < w, < 7i and -n < w 2 ^ n. Therefore to specify that the passband of the bandpass filter has a constant group delay is equivalent to specifying that the shaded region in Fig. 4 be of constant group delay, that is to say, T(W) is constant for 0 ^ w t ^ w c ). 
